In this paper, we present an OLG simulation model with endogenous fertility to analyze the relationship between child benefit and fiscal burden. Our simulation results show that expansion of the child benefit will improve the welfare of current and future generations. On the other hand, our findings show that we cannot expect a significant long-term improvement in welfare solely from the increase of the consumption tax. If both the fiscal sustainability and the improvement of the welfare of current and future generations are requirements, we will need a policy-mix that includes both child benefit expansion and additional fiscal reform.
Introduction
Developed countries currently face unprecedented demographic changes which require extensive reform in fiscal systems, social security systems, and other related programs. However, due to conflicting interests between younger and older generations, reform may be restricted. As an example of a pay-as-you-go pension, in order to improve the sustainability of the system, the government has the option of reducing the benefits to the elderly or increasing the burden on the working generation. Obtaining agreement on reform by both generations is often too difficult for the government to achieve. In this situation, some developed countries such as France have proceeded with the expansion of child benefit programs. These programs are expected to increase the population of the younger generation as a tax resource and, as result, to reduce the per capita fiscal burden in the future.
In this paper we analyze the relationship between child benefit and the fiscal burden in the setting of an overlapping generations (OLG) model. In the process of this analysis, it is important for us to distinguish between an exogenous fertility model and an endogenous fertility model. The reason is that recent studies have clarified that the Pareto-efficiency condition of the exogenous fertility model differs from that of the endogenous fertility model. First, for an exogenous fertility model, we use the OLG model introduced by Diamond [1] . Three types of steady states exist in the model: under-accumulation, golden rule, and over-accumulation. The first two steady states are Pareto-efficient, but the third is not. In addition, an empirical study by Abel et al. [2] reports that in industrialized countries dynamic efficiency is satisfied. In a steady state, dynamic efficiency corresponds to under-accumulation (or golden rule). Therefore, the possibility that developed countries are in a state of under-accumulation seems high. In an exogenous fertility setting, an allocation is said to be Pareto-efficient if it is impossible to make some individuals better off without making other individuals worse off. For this reason, in an exogenous case, we cannot improve any generation's utility while at the same time sacrificing another generation's utility.
However, recent studies clarify the properties of the competitive equilibrium with an endogenous fertility setting. Raut and Srinivasan [3] and Charkrabarti [4] analyze the properties of intertemporal equilibrium with endogenous fertility. Conde-Ruiz et al. [5] and Golosov et al. [6] present the definition of Pareto-efficiency criteria in an endogenous fertility framework.
As a development of these studies, Michel and Wigniolle [7] 1 point out the possibility that under-accumulation may not be efficient in an endogenous fertility setting. This implies that some policies could effect improvement in one generation's welfare without sacrificing another generation's welfare, even when it is in an underaccumulation state near the steady state. Moreover, the remarkable point made by Michel and Wigniolle [7] is to clarify that the Representative-Consumer efficient (RCefficient) condition, which is a concept developed in their study, has a profound connection with the sign-of-inequality relationship between the child-rearing cost and wage rate. 2 That is, if some policies do provide effects to this relationship, improvement in RC-efficiency becomes possible. Michel and Wigniolle [7] provide proof that, by utilizing an OLG model with endogenous population growth, the possibility to improve RC-efficiency also exists in the case of under-accumulation. But they did not analyze an economy model with public debt. Therefore, Oguro and Takahata [13] analyze the relationship between child benefit and fiscal burden, in the setting of an OLG model with both endogenous fertility and public debt, and provide the condition of RC-efficiency. However, they also could not analyze the relationship between child benefit and fiscal burden in a real economy. The reason is that the overlapping generations of their OLG model amount to only two: the working generation and the retired generation. To analyze the relationship in a real economy, it is necessary to build an OLG model with more overlapping generations: e.g., a model with 85 overlapping generations and endogenous fertility.
To this end, we construct a large-scale numerical dynamic equilibrium OLG model with endogenous fertility, which is calibrated to the Japanese economy. And we quantitatively evaluate the effects of child benefit change: e.g., the effects on the welfare of multiple generations. By doing this, we attempt to answer whether a fundamental change in child benefit policy results in significant positive effects on the Japanese economy, especially in terms of the government fiscal situation.
The structure of this paper is as follows. In Section 2, we describe the model structure; Section 3 presents the calibration strategy and the findings; Section 4 describes simulation results, and Section 5 contains concluding remarks and policy implications.
The Model Structure
In this section, we describe the demographic and economic structure of our model. The model used here is a computable general-equilibrium OLG model with perfect foresight agents, multiple periods, and endogenous fertility. In our model, there is a representative individual for each generation in the households sector. Each individual at age 20 maximizes his/her intertemporal utility function with consumption and number of children. The representative competitive firm has a standard Cobb-Douglas production technology and maximizes its profits. In our model, not only the goods market but also factor markets are perfectly competitive. The model has five main building blocks: 1) household behavior, 2) firm behavior, 3) the Government, 4) the public pension, and 5) market equilibrium. Details of each block follow.
Household Behavior
There is a representative individual for each generation in the household sector. We assume that preferences forms are the same for all agents in all generations. Moreover, each individual lives for a fixed number of periods. In each period of the model, the oldest generation dies and a new one enters. And the representative individuals maximize their intertemporal utility function with consumption and number of their children subject to their lifetime income. They are also assumed to be rational, having perfect foresight. Each generation enters the labor market at age 21, bears and brings up their children at ages 21 to M + 20, retires at age 1 Q  , is granted a pension at , and dies at age Q Z . In addition, each supplies labor inelastically. The within-period utility function exhibits constant relative risk aversion, and preferences are additive and separable over time. In each region, the utility functions of the t th generation born in year t are specified as:
where  refers to the weight between number of children and consumption, 1  the preference parameter of number of children, j the j th period of life,  the pure rate of time preference, and 2  the reverse of the elasticity of intertemporal substitution of consumption. The arguments of the utility function are the number of children ( t ) and the consumption per period ( , t j ). Leisure does not enter the utility function since the individual's labor supply is assumed to be exogenous. n c 1 Although there have been several approaches that endogenize fertility decisions, Michel and Wigniolle [7] depend on the benchmark framework, which assumes that children are consumption goods that appear in the utility function of the parents. The basic articles are Becker [8] , Willis [9] , and Eckstein and Wolpin [10] . Other approaches depend on the literature based on the additional assumption of descendant altruism as in Becker and Barro [11] or the assumption of ascendant altruism and strategic behavior of parents, as in Nishimura and Zhang [12] . 2 The definition of "RC-efficiency" can be seen in Michel and Wigniolle [7] or Oguro and Takahata [13] .
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In addition, we assume that the number of children ( , 
where    is the tax for pension benefit in year t, and t stands for pension benefit in year t. In addition, child rearing cost is assumed to be proportional to net lifetime income, i.e., where j p refers to the possibility that each generation bears the children at the j th period of life and this parameter is assumed to be exogenous.
Moreover, the technological progress  is assumed to be exogenous and labor embodied. We model agespecific labor productivity by assuming a hump-shaped age-earnings profile, i.e., a quadratic form of its age j, so its age-wage profile j e takes the following form:
g  is the constant parameter. Each generation maximizes its utility function (1) under the budget constraint (4). 
The intertemporal budget equation of each generation is described as follows: 
(1 ) (1 )
, the maximization procedure differentiating the household utility function (2) with respect to t and , t j , subject to the individual's lifetime budget constraint (4) 
If the parameter  is stable, these equations dictate the following two relationships: 1) as in any life-cycle model, the trade-off between current and future consumption is determined by the ratio of the interest rate and the time preference rate, and by the degree of risk aversion, and 2) the number of children declines, when the child rearing cost increases or the government subsidy decreases. Moreover, from these equations, the following forms can be shown: ,
where is the aggregated consumption in year t, and t measures the number of the generation born in year t. In addition, we can also derive the following physical wealth accumulation equation: 
where , t j is physical wealth asset of generation t at the j th period of life, and is the aggregated private
Firm behavior
The input/output structure is represented by the CobbDouglas production function with constant return to scale. The firm decides the demand for physical capital and effective labor in order to maximize its profit with the given factor prices of wage and rent, which are determined in the perfect competitive markets.
where t is output, Y  stands for capital income share,
A is a scale parameter, t K is the physical capital stock, and is the effective labor.
We can derive two factor prices, the rate of return r t and the wage rate per unit of effective labor w t , by the first-order conditions for the firm's maximum profit:
where  is the depreciation of physical capital.
The public pension
The pension sector grants a pension to the retirement generations while pension contribution is collected from the working generations.
where stands for the aggregated pension contribution. 
where  denotes replacement rate and is the aggregated pension benefit.
t B
We explicitly model the public pension system as payas-you-go. The budget constraint of the pension sector can be shown as follows:
where sp denotes public subsidy to pension, which is financed by government expenditure .
t Moreover, we assume that the public pension sector maintains a fixed replacement rate exogenously. As a result, in our model, the pension contribution rate is endogenously determined in order to keep the budget constraint (13).
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The Government
The government sector has four types of taxes: wage tax, consumption tax, capital tax, and pension benefit tax, and the public debt issue income as its revenue and pays the consumption, investment, and interest payments as expenditures.
We keep all tax rates constant. The role of the government is to endogenously determine the rate of the public debt issue as a residual of government expenditure and revenue.
where t stands for government expenditure in year t, t denotes tax revenue in year t, denotes public debt in year t.
The public debt issue
is set endogenously due to the difference between expenditure and tax revenue. It should be noted that the public debt issue to GDP ratio will change over time as a result of possible imbalances between revenues and expenditures. Thus we don't know whether the fiscal policy of a country is sustainable and whether the government's intertemporal budget constraint must be satisfied.
Market Equilibrium
Finally, in our model of a closed economy, we require the equilibrium in the financial market, i.e., the aggregate value of assets equals the market value of the capital stocks plus the value of outstanding government bonds:
The Data, Calibration, and Scenarios
Data and Calibration
First, we present the values of the main parameters and exogenous variables of the model in Table 1 . The parameter values for the households' and firms' behaviors are derived from Auerbach and Kotlikoff [15] and various early OLG simulation studies in Japan. 4 These parameters, such as technological and preference parameters except the weight parameter  , are assumed to be constant. The exogenous variables such as the macroeconomic, fiscal, and public pension variables are derived mainly from OECD [20] "Tax Database," and Whitehouse [21] "Pensions Panorama."
In addition, the child bearing possibility parameter is derived from the data of "Age-specific fertility rate," which is provided by the National Institute of Population and Social Security Research [22] , and the parameter values of the child rearing cost and the government subsidy are derived from the special research report about social cost of rearing children, which is provided by the Cabinet Office Director-General for Policies on a Cohesive Society, Japan [23] .
Second, by controlling the weight parameters in years 1900 -2007, we calibrate our demographic projection to fit the data's trend in "Population by Age (generation born in 1900 -2007)," which is provided by the Statistics Bureau, Ministry of Internal Affairs and Communications with the collaboration of other Ministries and Agencies in Japan. Figure 1 reports the actual values and the computed values of demographic projection. Note that actual and calculated values correspond closely.
Next, in order to analyze the relationship between child benefit and fiscal burden, we start our calculations with a phase-in period of about 200 years in order to relax the unrealistic assumption of a steady state in the 2007 base year of our simulation. Moreover, since the model is simulated over 500 periods, we ensure a sufficiently long period for a steady state to be achieved. 
Scenarios
Next we present simulation scenarios (See Table 3 ). The scenarios are classified into four categories. Scenario 1 assumes the baseline case with no expansion of child benefit, and Scenarios 2 and 3 assume 100% increase of child benefit after 2015. Scenario 4 assumes 50% increase of child benefit after 2015. Scenarios 5 and 6 assume no expansion of child benefit but an increase in the consumption tax to 10% and 15% (consumption tax reform), respectively. Finally, Scenario 7 is the policy-mix of Scenario 2 (permanent expansion) and Scenario 6 (15% consumption tax reform).
In Scenarios 2 and 4, the increase of child benefit is permanent from 2015. In Scenario 3, the increase of child benefit is temporal for 2015-2025.
Simulation Results
We now turn to describe the simulation results reported in Figures 2 to 5 and Table 4 . Here we present the scenarios of results of the child benefit expansion in comparison to the cases of no expansion, the case of consumption tax reform, and the case of policy-mix (permanent expansion and consumption tax reform).
Demographic Projection and
Macroeconomic Variables Figure 2 shows the population projection of future generations born in 2000 -2030. The projection of Scenario 1 and official estimation, which is provided by the National Institute of Population and Social Security Research [23] , closely correspond. In Scenario 2 (100% permanent child benefit increase), compared with Scenario 1, the population of the generation born in 2030 increases by 143,000, in Scenario 3 (100% temporally child benefit increase) by 11,000, in Scenario 4 (50% permanent child benefit increase) by 66,000, in Scenario 5 (10% consumption tax reform) by -4,000, in Scenario 6 (15% consumption tax reform) by 19,000, and in Scenario 7 (policy-mix) by 166,000.
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Figure 3 also shows the retired population ratio. The ratio of Scenario 1 and official estimation, which is provided by the National Institute of Population and Social 5 Consumption tax reform may contribute to the increase of population of future generations through the mechanism in that the fall in net lifetime income decreases the child rearing cost, e.g., the opportunity cost which is the net lost income when parents bring up a child. nario, due to the capital market equilibrium, the interest rate (wage rate) fluctuates within a narrow range, e.g., 2.32% -2.87% (98.56% -101.65%) over three decades.
Security Research [24] , closely correspond. In Scenario 2, compared with Scenario 1, the ratio in 2030 decreases by 0.3%, in Scenario 3 by 0.03%, and in Scenario 4 by 0.14%. Thus it can be seen that these child benefit expansions slightly decrease the progress of population aging.
Fiscal Variables
Generally, the child benefit expansion can be expected to give the fiscal balance ambivalent effects through several channels. If the expansion is financed by new public bond issues, it initially increases public debt. But the increase in the number of children also increases tax bases, and then changes the trend of government revenue and expenditure. As a result, the future government debt will be either reduced or increased.
As we adopt the lifecycle hypothesis, the saving rate is severely affected by the rise of the rate of elderly population, which is strongly correlated with the demographic trend. In Scenarios 1 to 7, there is no significant change in the trend of the saving rate during the simulation periods. But its level differs in each scenario. In Scenario 1, the saving rate shows a tendency to decrease from 6.17% in 2007 to 1.16% in 2030. Table 4 shows that the child benefit expansions basically raise the saving rate in 2007 to 2030 years. On the other hand, the reform with higher consumption tax reduces the saving rate more in the years from 2007 to 2030. Table 4 shows that in Scenario 2, compared with Scenario 1, the Debt-GDP ratio slightly increases by 6.99% in 2030. In Scenario 3, the ratio increases by 5.05% in 2030, and in Scenario 4 by 3.30%. Because of the assumed technology and lifecycle hypothesis, the GDP is determined mainly by working-age population dynamics. In the baseline scenario, the GDP level grows stagnant. On the other hand, in Scenarios 5 to 7 (consumption tax reform or policy-mix), the Debt-GDP ratio is reduced by 58.80% -113.23% in 2030, and the debt per employee is reduced by 0.28 -0.55 in 2030.
Welfare
Finally, we briefly valuate factor prices. In each sce- Figure 5 shows generational welfares of Scenarios 1 to 7. These are welfares of subsequent cohorts measured in terms of lifetime utility level against the cohort born in 1930. The long-run increase in the pension premium to wage rate caused by the progress of aging decreases the amount of resources available within their lifetime. The long-run increase in the public debt to GDP ratio also reduces private capital stock available and possibly decreases future growth. Current and future generations suffer a severe welfare loss.
In Scenarios 1 to 7 in Figure 5 , we measure the welfare of each generation with equivalent variation. The welfares of Scenario 5 and 6 gradually decline and the bottom for this scenario doesn't occur until birth year 2030, but Scenarios 1 to 4 have a welfare bottom at the generation born in 2025, and the bottom for Scenario 7 is in 1990.
In addition, in Scenarios 2 to 4, compared with Scenario 1, all generations born after 1990 obtain a welfare gain: e.g., in Scenario 2, the welfare of the generation born in 2030 dramatically increases by 4.6%, in Scenario 3 by 0.2%, and in Scenario 4 by 2.2%. This means that the welfare conditions in Scenarios 2 to 4 correspond to the concept of "RC-improvement" developed by Michel and Wigniolle [7] .
On the other hand, in Scenarios 5 to 7, compared with Scenario 1, most generations born after 1940 suffer a welfare loss whose burden is covered by an increase in consumption tax. However, if Scenario 6 is an inevitable choice in order to maintain the sustainability of fiscal budget, we should change the baseline scenario from Scenario 1 to Scenario 6. Then, in Scenario 7, compared with Scenario 6, all generations born after 1990 obtain a welfare gain. This means that Scenario 7 also becomes an "RC-improvement."
Therefore, from the comparison between the child benefit scenarios, the consumption tax reform scenarios, and the policy-mix scenario, we draw the following conclusions: 1) if we can ignore the sustainability of the fiscal budget in Scenarios 2 to 4, the child benefit expansions are expected to make some contributions to the improvement of the welfare of current and future generations, and 2) if both the sustainability of the fiscal budget and the improvement of the welfare of current and future generations are requirements, we will need to promote a policy such as a policy-mix with the child benefit expansion and additional fiscal reform, i.e. increasing the consumption tax. Then, the policy-mix can be expected to provide a higher level of welfare for current and future generations than only consumption tax reform.
Concluding Remarks
In this paper, we presented an OLG simulation model with endogenous fertility in order to analyze the relationship between child benefit and fiscal burden in Japan. Our simulation results show that expansion of the child benefit will improve the welfare of current and future generations. On the other hand, our findings show that we cannot expect a significant long-term improvement in welfare solely from implementing a policy of increasing the consumption tax. If both the sustainability of the fiscal budget and the improvement of the welfare of current and future generations are requirements, we will need to promote a strategy consisting of such components as a policy-mix that includes both child benefit expansion and additional fiscal reform, i.e. increasing the consumption tax. Implementation of such a the policy-mix can be expected to provide a higher economic level in the welfare of current and future generations could be expected solely from consumption tax reform.
In addition, the Japanese government is currently trying to develop a model for estimating the direction of the population of future generations, which has economic underpinnings. Therefore, if our model can be made more robust, it may prove to have a great impact on the method for estimation of the Japanese population, by which we analyze the relationship between future population and changes in the economic environment.
Finally, in an era of population aging, Japan will face enormous difficulties. Even given the difficulty of the task, Japan, like other developed countries, must confront these and other obstacles and solve the related issues to chart a productive and viable future for its future generations.
